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When the space part of the wavefunction of the groundstate of atomic two-electron systems is 
taken to be ~b(l, 2)= u(1)v(2)+ v(1)u(2), where u = exp(-ar)  and v = exp(-br), the parameters a and 
b as well as the energy associated with ~b(1, 2) can be determined in the form of power series involving 
the nuclear charge Z. For small values of Z the convergence of these series is rather slow. The quantities 
mentioned, however, may be determined to any degree of accuracy by a method of stepwise approxi- 
mation. 

1. Introduction 
In the  spli t -shell  t r ea tmen t  of  the g rounds ta t e  of  a tomic  two-e lec t ron  systems 

the spa t ia l  wavefunct ion  has the form 

r 2 ) =  u(1) v(2) + v(1) u(2) (1) 

where u a n d  v are  one-e lec t ron  functions.  If  these funct ions are  t aken  to be s imple  

exponent ia ls ,  u = exp ( -  ar), v = exp ( -  br) (2) 

one ob ta ins  the  or ig ina l  fo rm of  the spli t -shell  idea,  suggested by  Hyl le raas  [1]  
and  Eckar t  [2]  a b o u t  for ty  years  ago.  Since then the funct ions (2) have been used 
by  several  au tho r s  [ 3 - 5 ]  who  ob t a ined  the o p t i m u m  values of  the parameters ,  a t  
least  in par t ,  by  t r ia l  and  error .  Scherr  and  S i lverman  [6]  gave a rough  analysis  
of  these numer ica l  results  in t e rms  of  the nuc lear  charge  Z.  Thei r  work  can easi ly 
be ex tended  by  a s l ightly different a p p r o a c h  and  the accuracy  of  the  results  is only  
l imi ted  by  the pa t ience  of  the  calcula tor .  

F o r  the  ca lcula t ions  involved  it is convenien t  to i n t roduce  a scale fac tor  k 
and  a spl i t t ing p a r a m e t e r  s such tha t  

The  o p t i m u m  values of  the scale factor  and  the energy are  given by  [6]  

k = ( 1 6 Z "  5) [1 + (1 - s) 3] + s(6 - s) (4) 
16(1 - s) [1 + (1 - s) 3] + 32s 

and  E = - k  2 ( l - s )  [ 1 +  ( l - s )  3] + 2 s  
1 + (1 - s)  3 ' (5)  

respectively,  in which  the o p t i m u m  value of  the spl i t t ing  p a r a m e t e r  s mus t  be 
de t e rmined  f rom the re la t ion  

16Zs [24 - 90s + 169s 2 - 201s 3 q- 162s 4 - 91 s 5 + 36s 6 - 9s 7 -F s 8] 

= 48 + 3 2 s -  414s 2 + 1013s 3 - 1388s 4 + 1188s 5 - 644s 6 + 224s 7 - 48s 8 + 5s 9 . (6) 
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2. Determination of the Power Series Involving Z 
From (6) one obtains by division 

1 I 53 43 2 1001 3 3529 4 7237 s5 
s = - f f Z  l + ~ - s + ~ - s  + 5~-6--s + 2 - - ~ s  2764~ 

1 58117 806287 59 37361 
- -  S 6 S 7 -1- S 8 ( 7 )  
1 10592 13 27104 53 08416 
1097 10227 1 

+ 637 00992 s9 + ' ' "  " 

Substituting for every s in'the right hand side of (7) the whole expression (7) one 
finds the following Z-expansion 

1 [- 53 2938 1 72391 107 66326 
s = ~ -  [1 + ~ -I (96Z)~ -t (96Z)~ + (96Z)4 

7137 09290 4 97679 15652 360 94587 85775 
-t (96Z)5 + (96Z)6 + (96Z)7 (8) 

26948 87779 22470 20 55175 97465 29166 -] 
-t (96Z)8 q (96Z)9 ~-.-. J .  

The convergence of this expansion is rather slow for small values of Z. With 
the number of terms given an accuracy of ten non-zero figures is only obtained if 
Z > 7. For smaller values of Z, s may be determined by a method to be outlined in 
the next section. In this way extrapolation of the missing coefficients of the 
Z-expansion is avoided. 

For any value of Z the splitting parameter can thus be accurately determined 
and the values of the other parameters and the energy may then be calculated from 
the relations (3), (4) and (5). 

From (8) it is easy, though troublesome, to find the Z-1/2-expansions of a and 
b, and the Z-expansions of k and E. For example, the Z-expansion of the energy is 
found to be 

( 5 )  z 3 I1 26 1513 89162 
- E =  Z - ~  + ~  + ~ +  (96Z)2 + (96Z)3 

53 51290 3286 64612 2 07256 73029 
+ (96Z)4 b (96Z)5 -~ (96Z)6 (9) 

134 39597 19458 8959 17977 63014 -] 
+ (96Z)7 ~- (96Z)8 t-.--J. 

With the number of terms given the energy can be obtained to ten significant 
figures if Z > 4. 

Another approach to the solution of the Hylleraas-Eckart split,shell problem 
has been made by Hibbert and Coulson [7]. These authors make use of the saddle- 
point character of the Hartree-Fock energy and base an iteration scheme on the 
possibility of expanding the split-shell energy around this point by Taylor's 
theorem. From the saddle-point the direction of steepest descent is along the line 
a +  b = constant, from the local minimum thus reached along the line a - b  
= constant, and so on. After two iterations the energy is found to six decimal 
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places  and  the p a r a m e t e r s  a a n d  b to three  dec imal  places.  After  four  i t e ra t ions  the 
pa r ame te r s  a re  o b t a i n e d  to  five dec imal  places. 

The  d r a w b a c k  o f  this  m e t h o d  is, of  course,  tha t  it  has  to be repea ted  for every 
value  of  Z one is in te res ted  in. 

3. A Method  of Stepwise Approximation of s 

F o r  smal l  values  of  Z one  can ob t a in  the  value  of  the spl i t t ing p a r a m e t e r  s 
f rom (7) to  a degree of  accuracy  which is only  l imi ted  by  the length  of  tha t  expan-  

sion. To first o rde r  s is found  from 8 Z s -  = 0, to second  o rde r  s is 

( 5 3 4 3 2  ) 
de t e rmined  as tha t  r oo t  of  the  quad ra t i c  8 Z s -  1 + ~ - s  + ~ - s  = 0 which is 

closest  to the  resul t  of  the  first o rde r  a p p r o x i m a t i o n ,  and  so on. 

Table 1. Estimates of the optimum value of s 

Order of the Z = 2 Z = 10 
approximation Eq. (6) Eq. (7) Eq. (6) Eq. (7) 

1 0.065217 0.086331 0.012605 0.013230 
2 0.096270 0.086912 0.013250 0.01323250 
3 0.086360 0.087016 0.01323229 0.0132325586 
"exact" 0.08702290456 0.01323255922 

Table 2. Optimum values of the splitting parameter and the energy 

Z s Order of the - E (a.u.) 
approximation 

1 0.32680 89615 0.5133028855 

2 0.0870229045 6 9 2.87566 1331 
3 0.05119 61680 1 7 7.24874 7862 
4 0.03629 96799 6 6 13.62296 493 
5 0.0281240707 3 5 21.99753 880 
6 0.02295 587440 5 32.37227 078 

7 0.01939 28878 7 44.74708 665 
8 0.01678 75940 1 59.12195 233 
9 0.01479 95351 6 75.49685 003 

10 0.01323 25592 2 93.87176 951 
25 0.00511 30310 34 609.49635 39 
50 0.00252 79269 08 2468.87122 2 

Scherr  and  S i lverman  [6]  de t e rmined  the value  of  s a p p r o x i m a t e l y  by  regres- 
sive neglect  of  h igher  o rde r  te rms in (6). Thus,  to first o rde r  they found s f rom 
3 8 4 Z s -  (48 + 32s) = 0, to  second  o rde r  f rom 1 6 Z s ( 2 4 -  90s) - (48 + 3 2 s -  414s 2) = 0, 
and  so on. In  this way, however ,  a p p r o x i m a t i o n s  are  m a d e  in bo th  the r.h.s, and  
the 1.h.s. of  (6), whereas  in ou r  m e t h o d  a p p r o x i m a t i o n s  are  only  m a d e  in the r.h.s. 
of(7). In  Tab le  1 the  results  of  bo th  me thods  are  given for two values  of  Z. 

C o m p a r i s o n  with the  correc t  values  shows tha t  our  m e t h o d  yields bet ter  
est imates.  Wherea s  wi th  the  m e t h o d  of  Scherr  and  S i lverman the es t imates  osci l late  



88 M.J. ten Hoor: Hylleraas-Eckart Split-Shell Description 

around the correct value, using our method this value is, at least to third order, 
smoothly approximated from below. 

The values of s which have been determined using the method of stepwise 
approximation are presented in Table 2. For  Z < 7 the order of approximation 
needed to obtain at least ten non-zero figures is also given. Only for Z = 1 this 
accuracy could not be reached in this way and here Eq. (6) was used directly. For  
Z > 7 Eq. (8) was used. 

The values of the energy have been calculated from (9) for Z > 4. For  smaller 
values of Z Eq. (5) was used. 

4. Conclusion 

The Hylleraas-Eckart split-shell problem concerning the groundstate of 
atomic two-electron systems has been generally solved in terms of the nuclear 
charge Z. The accuracy obtained is higher than has been found by other methods. 
The energy values may be used to test the accuracy of different extrapolation 
schemes to obtain "experimental" energies in those cases where direct measure- 
ment is difficult. This problem shall not be considered here, for details we refer to 
[5] and references contained therein. 

A similar analysis as has been given for the groundstate would be possible for 
the lowest triplet state described by the spatial wavefunction u(1)v(2)- v(1)u(2), 
where u and v are given by (2). Since, however, the energy associated with this 
function is necessarily worse than that which can be obtained from a similar 
function where u and v are a Is-type and a 2s-type orbital [3], respectively, such an 
analysis does not seem to be worth-while. 
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